In this paper, we investigate the thermodynamic properties of a set of neutral Dirac particles in the presence of an electromagnetic field in contact with a heat bath for the relativistic and nonrelativistic cases. In order to perform the calculations, the high-temperature limit is considered and the Euler-MacLaurin formula is taking into account. Next, we explicitly determine the behavior of the main thermodynamic functions of the canonical ensemble: the Helmholtz free energy, the mean energy, the entropy, and the heat capacity. As a result, we verified that the mean energy and the heat capacity for the relativistic case are two times the values of the non-relativistic case, thus, satisfying the so-called Dulong-Petit law. In addition, we also verified that the Helmholtz free energy and the entropy in both cases increase as a function of the electric field. Finally, we note that there exists no influence on the thermodynamic functions due to the magnetic field.
I. INTRODUCTION
The study of the physical properties of materials, focusing on its thermodynamic properties, is of great interest in condensed matter physics, solid-state physics, and materials science [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Indeed, the efforts spending to obtain the knowledge of thermodynamic properties are justified by both practical needs and fundamental science [11] . Some examples with practical relevance are shown in Refs. [11] [12] [13] [14] [15] [16] [17] , where are investigated the thermodynamic properties of graphene, diamond, graphite, carbon nanotubes, nanostructured carbon materials. Moreover, this study also has a particular relevance from a theoretical viewpoint, mainly when the physical system is either relativistic [18] [19] [20] [21] [22] or non-relativistic quantum [23] [24] [25] [26] [27] . In addition, it is worth mentioning that recently the thermodynamic properties of an Aharonov-Bohm quantum ring were performed in the high and low-energy regime [28] .
On the other hand, the Dirac equation (DE) for spin-1/2 neutral particles with magnetic dipole moment (MDM) in the presence of electric and magnetic fields also has many remarkable applications. For instance, it is applied to problems involving the Aharonov-Casher effect [29] [30] [31] , cosmic string spacetime [32, 33] , electric dipole moment [34] , electromagnetic waves [35] , scattering [36] , spin effects [37] , noninertial effects [38] , geometric phases in the presence of torsion, topological defect [39] , and quantum dots [40] . Besides that, it is worth mentioning that there exists another physical approach which has received much attention over the years, namely, the so-called Dirac oscillator. It was first introduced in the context of DE for particles with MDM interacting with external electric fields [41] [42] [43] . Moreover, recently the thermodynamic properties of spinless neutral particles with MDM in the presence of topological defects were calculated in the low-energy regime [44] .
The present paper has the purpose of determining the thermodynamic properties of neutral Dirac particles with MDM in the presence of an external electromagnetic field. In particular, we determine the thermodynamic properties for both relativistic and non-relativistic cases. Furthermore, we focus on the high-temperature regime and we regard a set of indistinguishable noninteracting N -particles in contact with a thermal reservoir. In order to perform the calculations, we use the Euler-MacLaurin sum formula to construct the canonical partition function of the system. Next, we explicitly determine the thermodynamic quantities of interest, namely, Helmholtz free energy, the mean energy, the entropy, and the heat capacity for relativistic and non-relativistic cases. This paper is organized as follows. In Section II, we determine explicitly the thermodynamic properties of a set of neutral Dirac particles, such as the Helmholtz free energy, the mean energy, the entropy and the heat capacity. In Section III, we present the results and discussions about the behavior of the thermodynamic functions in the high-temperature regime. In Section IV, we finish our work with the conclusions and some final remarks.
II. THERMODYNAMIC PROPERTIES OF DIRAC FERMIONS
For both relativistic and non-relativistic cases, in this section, we calculate the thermodynamic properties of a set of Dirac N -particles in contact with a thermal reservoir at constant temperature T . These properties are given by the following thermodynamic quantities: the Helmholtz free energy, the mean energy, the entropy and the heat capacity. In this sense, our discussion begins initially with the discrete energy spectrum for relativistic Dirac particles with MDM µ in the presence of an external electromagnetic field, given by Ref. [45] , namely
where n s = n + 1−s 2 , being n a quantum number and the parameter s = ±1 describes the two components of the Dirac spinor, σ = +1 corresponds to the positive energy states (particle with s = +1), σ = −1 corresponds to the negative energy states (antiparticle with s = −1), the parameter δ = ∓1 describes a negatively (δ = −1) or positively (δ = +1) charged cylinder, B is the strength of the uniform magnetic field and ω AC is the cyclotron frequency.
In addition, the non-relativistic energy spectrum is obtained considering that greater part of the total energy of the system lies in the rest energy of the particle [33] , i.e., E = m 0 c 2 +ε, where m 0 c 2 ε and m 0 c 2 µB. So, applying this prescription in (1), we obtain the following energy spectrum for a spinless non-relativistic particle in the presence of an external electromagnetic field
In particular, for δm j > 0, the spectra (1) and (2) present finite degeneracy, while for δm j < 0, presents an infinite degeneracy [45] . In addition, since it has a significant influence in the thermodynamic properties of a physical system [20, 27, 46] , we will work on the spectra that represent only finite degeneracy.
In this case, let us start our discussion with the fundamental object of the statistical mechanics for the canonical ensemble, the so-called partition function Z, which is defined as the sum of all possible quantum states of the system [46] . Explicitly, the one-particle partition function is written by following expression [20, 46] 
where β = 1 k B T , being k B the Boltzmann constant, T is the thermodynamic equilibrium temperature and Ω(E n ) is the degree of degeneracy for the energy level E k defined as
where k = n + |m j | ≥ 1, being k a new quantum number and ξ = ω AC m 0 c 2 is a dimensionless constant parameter. In special, to obtain the spectrum (4), we consider a particle (with E > 0 and σ = s = +1) interacting with a negatively (δ = −1) charged cylinder. To determine Ω(E k ), let us note that for each quantum level with (n, |m j |) there are 2|m j | + 1 degenerate states differing with values of orbit magnetic quantum number m l = ± 1 2 , ± 3 2 , . . . [20, 27, 45] . For a given k the total degree of degeneracy is obtained as
consequently, the partition function (3) becomes
where a = βµB and b = βm 0 c 2 .
Before proceeding further, it is recommended to analyze the convergence of the partition function [20] . So, the function f (x) = x(x + 2)e −(a+b √ 1+2ξx) is a monotonically decreasing function and the corresponding integral
is convergent. Thus from the theorems of convergent series, this implies that the partition function also is convergent.
However, the partition function (6) cannot be exactly calculated in a closed form, rather for high temperatures (T → ∞), as well as for low temperatures (T → 0), we can obtain reseanable approximations [46] . In particular, a sytemmatic expansion of (6) for large T is possible with the use of the Euler-MacLaurin sum formula, with serves to calculate the integrals numerically. The Euler-MacLaurin sum formula is given by [46] 
or simply as
where B 2p are the Bernoulli numbers.
So, the partition function (9) is given by
Considering the high temperatures regime where a 1 and b 1, the partition function (10) becomes
consequently, for N -particles we have
Now, let us concentrate in the main thermodynamic quantities. In special, the quantities of our interest are the Helmholtz free energy F , the mean energy U , the entropy S and the heat capacity C V [20, 46] , which are defined as follows
Therefore, using partition function (12) , the Helmholtz free energy, the mean energy, the entropy and the heat capacity for the relativistic case are written as
5.93 × 10 9 K stands for the characteristic temperature of the system and is analogous to the so-called Debye temperature defined in solid state physics [20] . From a dimensional point of view, all the quantities in (14) are coherent.
B. The non-relativistic case
Now, let us take into account the thermodynamic properties for the non-relativistic case where most phenomena of condensed matter physics and solid state occur. So, the oneparticle canonical partition function is written by the following expression [20, 46] 
where Ω(ε k ) is the degree of degeneracy for the energy level ε k defined as
where k = n + |m j | ≥ 1 andξ = ω AC . In special, to obtain the spectrum (16) we again consider a particle (σ = s = +1) interacting with a negatively (δ = −1) charged cylinder.
To determine Ω(ε k ), let us note that for each quantum level with (n, |m j |) there are 2|m j |+1 degenerate states differing with values of orbit magnetic quantum number m l = ± 1 2 , ± 3 2 , . . . [20, 27, 45] . For a given k, the total degree of degeneracy is obtained as
and consequently, partition function (15) becomes
where a = βµB andb = βξ.
Analogously to the relativistic case, it is also reasonable to analyze the convergence of the non-relativistic partition function [20] . In this way, the function f (x) = x(x + 2)e −(a+bx) is a monotonically decreasing function and the corresponding integral
is also convergent.
Again, using the Euler-MacLaurin sum formula given in (9) , the partition function (18) is rewritten as
Considering the high temperatures regime where a 1 andb 1, we have
and consequently, the total partition function for a set of N -particles is given by
Now, let us concentrate our efforts in the main thermodynamic quantities. Therefore, using relations (13) and the partition function (22) , the Helmholtz free energy, the mean energy, the entropy and the heat capacity for the non-relativistic case are written as
III. RESULTS AND DISCUSSIONS
Initially, we display our results on the calculation of the thermodynamic functions for the relativistic case. Since we obtained a degenerate spectrum, we use the Euler-MacLaurin sum formula and consider the high temperatures regime to evaluate numerically the partition function. Nevertheless, through some steps analogous to the relativistic case, we provide the calculations of the same thermodynamic functions for the non-relativistic case as well.
Here, we plot the graphics of the thermal quantities by temperature for different values of the parameter ξ which are directly related to the external electric field. Namely, these values of ξ are: ξ = 1, ξ = 5, ξ = 10, ξ = 15, which entail in a cyclotron frequency within the range 10 20 < ω c < 10 22 Hz. In addition, it is worth mentioning that we consider the natural units ( = c = k B = 1), and for the sake of simplicity, the unit rest mass (m 0 = 1)
is taken into account. In particular, let us consider the relativistic case, which from Fig. 1, the Helmholtz free energyF (T ) has a little increase when T starts increasing. Nevertheless, as we can see in general inF (T ), it decreases sharply for high values of T and increases for high values of parameter ξ. As a matter of fact, this result shows that the equilibrium state is reached more slowly when T decreases and ξ increases. We see from Fig. 2 that the entropyS(T ) grows abruptly in the range 0 < T < 0.4 and afterwards shows a smoother growth for large T , i.e.,S(T ) is a monotonically increasing function. Besides, the entropy grows more slowly with an increase of ξ, which implies that the equilibrium state is also reached more slowly with the decrease of T and the increase of ξ.
Now, let us focus on the comparison on the Helmholtz free energyf (T ) and entropys(T ),
which are displayed in Fig. 3 , with the relativistic case. We verify thatf (T ) for having the behavior of decreasing, more temperature is required when ξ grows. However,s(T ) exhibit similar behavior in both cases when different values ξ are regarded.
In Fig. 4 , we see that the relativistic and non-relativistic mean energies are displayed respectively. They increase entirely as a linear function when T increases. Nevertheless, the relativistic mean energy increases faster than in the non-relativistic case, which is easily checked from Eqs. (14) and (23) . In particular, this result is due to the fact that in the relativistic case we have more energetic quantum system than in the non-relativistic case (E > ε). Moreover, the thermal variation of the ensemble of particles tends to increase until reaching the thermal equilibrium in both cases, and once the equilibrium is reached, the energy remains constant and the amount of free energy available to perform work is zero. Now, as we haveŪ (T ) >ū(T ) and the mean energy can be written in the form U (T ) = F (T ) + S(T )T [46] , implies thatF (T ) <f (T ) andS(T ) >s(T ) for a given value of T , therefore, the behavior of the graphics in Figs.1 to 4 are totally in agreement with the fundamentals of the statistical physics. From above, we verify that for a given value of ξ, the thermal equilibrium state is reached faster in the relativistic case than in the non-relativistic.
On the other hand, it is also seen that the heat capacity for the relativistic case is two times the value of the non-relativistic case as a result obtained from the calculations presented previously. According to the literature, when the mean energy and the specific heat capacity are twice of the value encountered in the non-relativistic case, we say that these cases satisfy the so-called Dulong-Petit law [47] . It is important to mention that this peculiar behavior is also observed in others relativistic quantum systems, such as in the Dirac oscillator [20] and in the Aharonov-Bohm quantum ring [28] . Last but not least, it is worth mentioning that, since the partition function in both cases does not depend on the magnetic field (Eq. (12) and Eq. (22)), there exists no influence on its thermodynamic functions. 
IV. CONCLUSION
As mentioned previously, this paper has the purpose of investigating the thermodynamic properties of neutral Dirac particles in the presence of an external electromagnetic field in contact with a heat bath. In this sense, we determine the thermodynamic properties for both relativistic and non-relativistic cases focusing on the high-temperature regime. In order to perform the calculations, we use the so-called Euler-MacLaurin formula in order to obtain the canonical partition function of the system. Next, we determine the thermodynamic quantities of interest, namely, Helmholtz free energy, the mean energy, the entropy, and the heat capacity.
Considering initially the relativistic case, we see that the Helmholtz free energy has a little increase when T starts to increase, nevertheless, in general, it decreases sharply for high values of T and increases for high values of parameter ξ which is associated to the electric field. This result shows that the equilibrium state is reached more slowly with a decrease of T and an increase of ξ. We see that the entropy function exhibits a monotonically increasing function.
We verify that for both relativistic and non-relativistic cases, the mean energy turns out to behave as a linear function being the first one with a greater angular coefficient.
Moreover, we verify that for different values of ξ, the thermal equilibrium state is reached more quickly in the relativistic case. On the other hand, it is also seen that the heat capacity regarding the relativistic case is twice the value presented in the non-relativistic case. As a matter of fact, in agreement with the literature, these results satisfy the famous Dulong-Petit law. Finally, we verify that the external magnetic field has no influence on the behavior of thermodynamic quantities performed in this whole work.
